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a b s t r a c t
It is shown that every generalized fullerene graph G with 13 pentagons is 2-extendable,
a brick, and cyclically 5-edge-connected, i.e., that G cannot be separated into two
components, each containing a cycle, by deletion of fewer than five edges. New lower
bound on the number of perfect matchings in such graphs are also established.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
In a series of articles [3–10], it has been shown that all fullerene graphs possess certain structural properties, such as
bicriticality, cyclical 5-edge-connectivity and 2-extendability. These properties are very useful to establish lower bound on
the number of perfect matchings in fullerene graphs in [1–11]. A generalized fullerene graph is a 3-regular, 3-connected
planar graph whose faces are pentagons, hexagons and heptagons. Unlike the ordinary fullerenes, generalized fullerenes
do not possess, in general, those structural properties. Hence, these properties cannot be used to establish lower bound on
the number of perfect matchings in generalized fullerenes, but some generalized fullerenes such as generalized fullerene
graphs with 13 pentagons have those structural properties. Thus the main purpose of this paper is to establish bicriticality,
2-extendability, the value of cyclical edge-connectivity of generalized fullerene graphswith 13 pentagons, and certain lower
bound on the number of perfect matchings in such graphs.
A matching M in graph G is a set of edges of G such that no two edges from M have a point in common. Point v ∈ V (G)
incident with some edge from M is covered by matching M . Matching M is perfect if it covers every point of G. A perfect
matching is in chemistry called a kekulé structure. We denote the number of different perfect matchings of a graph G by
Φ(G).
For all graph-theoretical terms and concepts used but unexplained in this article are standard and can be found in many
textbooks, such as [7].
2. The main results
A graph G is cyclically k-edge connected if G cannot be separated into two components, each containing a cycle, by
deletion of fewer than k edges. Obviously, if G is cyclically k-edge connected, it is also cyclically j-edge connected, for all
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Fig. 1. The cycles C ′ and C ′′ and the edges connecting them.
1 ≤ j ≤ k. Let us denote by ζ (G) the greatest k ∈ N such that G is cyclically k-edge connected, and call this number the
cyclical edge-connectivity of G.
Došlić showed that the cyclical edge-connectivity of every generalized fullerene graph is no more than 5 [4].
Theorem 1 ([4]). Let G be a generalized fullerene graph. Then 3 ≤ ζ (G) ≤ 5.
Lemma 1 ([10]). Let G be a 3-regular, 3-connected planar graph with ζ (G) = k. Then for every cyclical edge cut E =
{e1, e2, . . . , ek}, there exist two cycles C ′ and C ′′ on distinct components of G − E, respectively, such that every edge ei of E
has one endpoint on C ′ and the other one on C ′′. Furthermore, E is a matching of G.
Lemma 2. Let G be a generalized fullerene graph with 13 pentagons. Then ζ (G) = 5.
Proof of Lemma 2. Let G be a generalized fullerene graph with 13 pentagons. Since 3 ≤ ζ (G) ≤ 5 from Lemma 1, it is
sufficient to prove that ζ (G) ≠ 3, 4. The proof of ζ (G) ≠ 3 is as the same as the proof of ζ (G) ≠ 4, thus we only prove
ζ (G) ≠ 4. Suppose, to the contrary, that ζ (G) = 4. Among all cyclical edge cuts of Gwith size 4, we choose one, denoted by
E := {e1, e2, e3, e4}, such that one of the two components of G− E, is denoted by G′, has no edge cut of Gwith size 4 and has
at most 6 pentagons since G has exactly 13 pentagons. The other component of G − E, is denoted by G′′. Then by Lemma 1
there exist two cycles C ′ and C ′′ on G′ and G′′, respectively, such that every edge ei(i = 1, 2, 3, 4) has one endpoint v′i on C ′
and the other one v′′i on C ′′, and E is a matching of G. We suppose that G′ lies in the interior of C ′′ (see Fig. 1).
Let us denote the number of the additional vertices on C ′ and C ′′ by k′ and k′′, respectively. Then we have that k′ ≥ 5 and
k′′ ≥ 4 from the above assumption.
We claim that k′ + k′′ ≤ 9.
From the Euler formula, it follows thatm(5) = 13 andm(7) = 1, wherem(k) is the number of k-gonal faces. Thus G has
only one heptagon. If there are more than nine additional vertices on C ′ and C ′′, then there would be at least two faces with
size 7 or a face with size more than 7 of four faces of G between C ′ and C ′′. This is in contradiction with the definition of G.
Then k′ = 5 and k′′ = 4.
For every k′(4 ≤ k′ ≤ 8), if there exists an edge connecting two additional vertices on C ′, then the edge will result in
forming a triangle or quadrangle, or there exists one subgraph, denote it by G′2, which has at most three vertices on C ′. But
then, removing those at most three additional vertices from C ′ would disconnect G′ from the rest of the graph, and this is
in contradiction with cyclical 4-edge-connectivity or 3-connectedness of G. Hence, there is no an edge connected by two
additional vertices on C ′.
Since k′ = 5 and k′′ = 4, then there exists exactly one face of G between C ′ and C ′′ with size 7 and has no face of G′ with
size 7. Thus G′ must have one of the nine subgraphs as shown Fig. 2, such that every such subgraph has only pentagons and
hexagons, satisfies the condition of k′ = 5, and has no edge cut of G′ with size 4. But all those subgraphs have at least seven
pentagons, which contradicts to G′ has at most six pentagons. Hence ζ (G) = 5. 
Corollary 1. Let G be a generalized fullerene graph with 13 pentagons. Then G is cyclically 4-edge connected.
Remark. All subgraph of G′ which has only pentagons and hexagons, satisfies the condition of k′ = 5, and has no edge cut
of G′ with size 4 can be easily obtained and have only 9 case in Fig. 2.
We now turn to establish the 2-extendability of generalized fullerene graphs with 13 pentagons. A graph G is n-
extendable, for 0 ≤ n ≤ p2 − 1, if it is connected, has a matching of size n, and every such matching can be extended
to a perfect matching in G. It is known that n-extendability implies (n− 1)-extendability. We first establish 2-extendability
of a generalized fullerene graph with 13 pentagons by combining Corollary 1 with the following result.
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Fig. 2. All possible subgraphs of G′ .
Theorem 2 ([8]). If G is a cubic, 3-connected planar graph which is cyclically 4-edge connected and has no face with size 4, then
G is 2-extendable.
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Lemma 3. Every generalized fullerene graph with 13 pentagons is 2-extendable.
Proof. Follows directly from Theorem 2, Corollary 1 and from the definition of generalized fullerene graphs. 
Now lower bound on the number of perfect matchings of generalized fullerene graph with 13 pentagons are established.
Theorem 3. Every generalized fullerene graph on p vertices with 13 pentagons contains at least

3(p+2)
4

perfect matchings.
Proof. The proof of Theorem 3 is essentially the same as the proof of the linear lower bound onΦ(G) in [11]. Let Gp denote
a generalized fullerene graph on p vertices with 13 pentagons. For any given vertex u of Gp, the three neighbors of u are
denoted v1, v2, v3. Let Mi denote the set of perfect matchings of Gp containing the edge uvi (i = 1, 2, 3). Thus the perfect
matchings of Gp can be decomposed into three disjoint classes Mi, i = 1, 2, 3. Let G′ = Gp − u − vi. Then the number of
perfect matchings of G′ is equal to the size of Mi. Since G′ is 2-extendable, then G′ is 1-extendable. it is obvious that G′ has
exactly p − 2 vertices and 3p2 − 5 edges. By the fact that every 1-extendable graph with p vertices and q edges has at least
q−p
2 + 2 perfect matchings, it follows that G′ has at least
 p
4 + 12

perfect matchings; that is, |Mi| ≥ p4 + 12 . Thus Gp has at
least 3
 p
4 + 12

perfect matchings. Since the number of perfect matchings is an integer, the theorem follows. 
Lemma 4 ([1]). Let G be a planar cubic graph on p vertices with no cutedge. Then G has at least
2p/655978752
perfect matchings.
From Theorem 3, Lemma 4 and from the definition of generalized fullerene graph, we obtain the following.
Corollary 2. Let G be a generalized fullerene graph on p vertices with 13 pentagons. Then G has at least
max

3(p+ 2)
4

, 2p/655978752

perfect matchings.
Remark. In [5], the author established the best lower bound (every fullerene graphwith p vertices has at least 2
p−380
61 perfect
matchings) on the number of perfect matchings of fullerene graph by studying whose dual graph. But Iam fail to apply this
approach to generalized fullerene graphs. So, we end this topic with the following.
Question 1. Whether every generalized fullerene graph with p vertices has at least 2
p−380
61 perfect matchings or not?
A graph G is bicritical if G − u − v has a perfect matching for every pair of distinct vertices u, v ∈ V (G). A 3-connected
bicritical graph is called a brick. For bicritical graphs, the following result holds.
Theorem 4 ([7]). Let G be a 2-extendable graph on p > 5 vertices. Then G is either bicritical or elementary bipartite.
The bicriticality of generalized fullerene graphs with 13 pentagons now follows easily.
Lemma 5. Every generalized fullerene graph with 13 pentagons is a brick.
Proof. As no generalized fullerene graph is bipartite, and all generalized fullerene graphs have at least twenty vertices, we
can see that all generalized fullerene graphs with 13 pentagons satisfy the conditions of Theorem 4, hence are bicritical. The
3-connectedness then makes every such graph a brick. 
Theorem 5. Every generalized fullerene graph with 13 pentagons is 2-extendable, a brick, and cyclically 5-edge-connected.
Proof. Follows directly from Lemmas 2, 3 and 5. 
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